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Abstract
We construct the covariant κ-symmetric superstring action for type IIB superstring
on plane wave space supported by Ramond-Ramond background. The action is defined
as a 2d sigma-model on the coset superspace. We fix the fermionic and bosonic light-cone
gauges in the covariant Green-Schwarz superstring action and find the light-cone string
Lagrangian and the Hamiltonian. The resulting light-cone gauge action is quadratic in
both the bosonic and fermionic superstring 2d fields, and therefore, this model can be ex-
plicitly quantized. We also obtain a realization of the generators of the basic superalgebra
in terms of the superstring 2d fields in the light-cone gauge.
1
1 Introduction
Until recently precisely two maximally supersymmetric solutions of the IIB supergrav-
ity were known. The first solution is the flat ten dimensional Minkowski space (and its
toroidal compactification) and the second solution is the famous AdS5 × S5 space sup-
ported by Ramond-Ramond charges [1]-[3], which plays a distinguished role in the dual
description of gauge theories. Surprisingly, very recently a new maximally supersymmet-
ric solution of IIB supergravity was found [4] that turns out to be a ten dimensional
plane wave space supported by the RR 5-form flux. This new solution is a ten dimen-
sional counterpart of the solution found for eleven dimensional supergravity in [5] (see
also [6]).
Applying arguments similar to those in [7], one can expect that as in the case of the
AdS5 × S5 space, the plane wave RR background is an exact solution not only of the
equations of motion of IIB supergravity but also of the equations of motion for massless
modes of the type IIB superstring. The action of the AdS5×S5 superstring constructed
in [8] (see also [9]-[12]) turns out to be very complicated for explicit quantization. In
this paper, motivated by desire to find explicitly quantizable superstring model in curved
target space time supported by the Ramond-Ramond flux, we investigate classical me-
chanics of the superstring propagating in the plane wave Ramond-Ramond background.
We find that the light-cone action of this superstring model is quadratic in bosonic as well
as fermionic superstring 2d fields and can therefore be quantized in a rather straightfor-
ward way. The interest in plane wave RR background also comes from the fact that this
relatively simple model may serve as a training ground for the study of a more interesting
case of superstring in the AdS5 × S5/RR-charge background.
One possible approach to the construction of the action is to start with the general
type IIB superstring action in [13] and plug in the type IIB superfields [14] represent-
ing the plane wave RR background. This approach, however, is indirect and somewhat
complicated because it does not explicitly use the basic symmetries of the problem. Our
strategy is instead to use the basic superalgebra underlying the symmetry of the plane
wave RR background. As in the previous construction of the type IIB superstring action
in AdS5 × S5 [8], we obtain the space-time supersymmetric and κ-symmetric action in
terms of the invariant Cartan one-forms defined on the appropriate coset superspace. The
supercoset construction turned out to be very effective and fruitful and was used to con-
struct AdS(2) and AdS(3) superstring actions [15]-[18], brane actions in super AdS/RR
backgrounds [10],[19], and various AdS supermembrane actions [20]-[22].
This paper is organized as follows.
In section 2, we describe the structure of the basic symmetry superalgebra of the plane
wave RR background and the invariant Cartan 1-forms on the coset superspace (x, θ).
In section 3, we present the covariant superstring action on the plane wave RR back-
ground in the coordinate free form, i.e. in terms of the Cartan 1-forms. As in the cases
of flat and AdS5 × S5 spaces, it is given by the sum of the ‘kinetic’ or ‘Nambu’ term (2d
integral of the quadratic term in Cartan 10-beins) and Wess-Zumino term (3d integral of
a closed 3-form H on the superspace) with the coefficient of the WZ term fixed by the
requirement of κ-symmetry (Siegel symmetry).
In section 4, we find the explicit 2d form of the action by choosing a specific WZ
parametrization of the coset superspace. As in the AdS5 × S5 space, the resulting action
is given by the covariantization of the flat-space GS action plus terms containing higher
2
powers of the fermionic coordinates θ.
In section 5, we evaluate Cartan 1-forms in fermionic light-cone gauge, which we use to
derive the superstring action in the fermionic κ-symmetry light-cone gauge. After this, we
fix the 2d diffeomorphism symmetry by choosing bosonic light-cone gauge. The resulting
light-cone action turns out to be quadratic in bosonic and fermionic 2d string fields. This
allows us to solve the equations of motion explicitly. We discuss the superstring action
in various parametrization of the plane wave background and in the WZ and the Killing
parametrizations of superspace.
Section 6 is devoted to the light-cone phase space approach to superstring theory. We
fix the analog of the GGRT [23] bosonic light-cone gauge and derive the phase space
analog of the superstring Lagrangian of Section 5 and the corresponding light-cone gauge
Hamiltonian.
In Section 7, we obtain a realization of the generators of the basic symmetry superal-
gebra as Noether charges expressed in terms of the 2d fields that are coordinates of the
plane wave superstring in the light-cone gauge.
Section 8 summarizes our conclusions. Some technical details are collected in two
Appendices. In Appendix A, we summarize our notation and definitions. In Appendix B,
we explain the construction of dynamical supercharges realized in terms of 2d superstring
fields.
2 Symmetry Superalgebra of plane wave RR
background
We start with reviewing the plane wave RR background of the type IIB supergravity
and its symmetry superalgebra [4]. The bosonic sector of IIB supergravity includes the
graviton, a complex scalar, a complex two-index antisymmetric tensor and a real four-
index antisymmetric tensor whose five-index field strength is (anit)self-dual. The line
element of the plane wave background given by
ds2 = 2dx+dx− −m2x2Idx+2 + dx2I , (2.1)
I = 1, . . . 8, describes ten dimensional lorentzian symmetric space. Here m is a dimen-
sionful parameter and x+ is taken to be light-cone evolution parameter. This metric
is supported by non-vanishing four-index antisymmetric RR field whose five-index field
strength takes the values
F−i1...i4 = 2mǫi1...i4 , F−i
′
1...i′4 = 2mǫi
′
1...i′4 , (2.2)
i, j = 1, . . . 4, i′, j′ = 5, . . . 8. All the remaining bosonic fields (as well as fermionic fields)
are set to be equal zero. Surprisingly, this background has 32 Killing spinors and therefore
preserves 32 supersymmetries. This can easily be checked by considering the equations
for Killing spinors Dǫ = 0 with the covariant differential 1
1We adopt the normalization in which the Einstein equations take the form
Rµν = (1/24)Fµρ1...ρ4F νρ1...ρ4 and take the five-index field strength to be anti-self dual: Fµ1...µ5 =
−(1/120)ǫµ1...µ5ρ1...ρ5F ρ1...ρ5 , ǫ01...9 = 1 . The expression for D in (2.3) is restricted to 16-component ǫ
that is a half of a 32-component positive chirality spinor. The indices µ, ν, ρ = 0, 1, . . .9 are so(9, 1) vector
indices, i.e. tangent space indices. In light cone frame these indices take values +,−, I where I = i, i′.
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D = d+ 1
4
ωµνγµν − i
960
γµ1...µ5 γ¯µeµF µ1...µ5 , (2.3)
where eµ are 10-beins of plane wave space (2.1) and ωµν is the corresponding Lorentz
connection. Inserting the above expressions for five-index field strength (2.2) in (2.3), one
verifies that the integrability condition of the Killing spinors equations, i.e. D2 = 0, is
satisfied automatically. Because all the other conditions are also satisfied automatically,
there are 32 Killing spinors. In what follows, unless otherwise specified, we set
m = 1 (2.4)
to simplify our expressions.
We now describe the basic symmetry superalgebra of the plane wave RR background
(2.1),(2.2). The even (bosonic) part of the superalgebra includes ten translation generators
P µ, the SO(4) rotation generators J ij , i, j = 1, . . . , 4, the SO′(4) rotation generators J i
′j′,
i′, j′ = 5, . . . , 8 and eight rotation generators in the (x−, xI) plane J+I , I = 1, . . . , 8. The
odd (fermionic) part of the superalgebra consists of the complex 16-component spinor Qα,
α = 1, . . . 16, which is half of 32-component negative chirality spinor
Commutation relations between the even generators are given by
[P−, P I ] = −J+I , (2.5)
[P I , J+J ] = −δIJP+ , [P−, J+I ] = P I , (2.6)
[P i, J jk] = δijP k − δikP j , [P i′, J j′k′] = δi′j′P k′ − δi′k′P j′ , (2.7)
[J+i, J jk] = δijJ+k − δikJ+j , [J+i′ , J j′k′] = δi′j′J+k′ − δi′k′J+j′ , (2.8)
[J ij , Jkl] = δjkJ il + 3 terms , [J i
′j′, Jk
′l′] = δj
′k′J i
′l′ + 3 terms . (2.9)
Commutation relations between the even and odd parts are
[J ij , Qα] =
1
2
Qβ(γ
ij)βα , [J
i′j′, Qα] =
1
2
Qβ(γ
i′j′)βα , (2.10)
[J+I , Qα] =
1
2
Qβ(γ
+I)βα , (2.11)
[P µ, Qα] =
i
2
Qβ(Πγ
+γ¯µ)βα , (2.12)
together with the commutators that follow from these by complex conjugation. Here, γµ
are 16× 16 gamma matrices, γ+I = γ[+γ¯I], and Π is the product of four gamma matrices
(see Appendix A for details).
The anticommutator takes the form
{Qα, Q¯β} = −2iγµαβP µ − 2(γ¯iΠ)αβJ+i − 2(γ¯i
′
Π′)αβJ
+i′
+ (γ¯+γijΠ)αβJ
ij + (γ¯+γi
′j′Π′)αβJ
i′j′ . (2.13)
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All the other commutators and anticommutators vanish. The bosonic generators are
assumed to be antihermitean while the fermionic generators are conjugated to each other,
Q¯α = (Qα)
†. The generators of the full transformation group G of the plane wave RR
superspace are P µ, Qα, Q¯α, J
ij , J i
′j′, J+I . The generators of the stability subgroup H are
J ij , J i
′j′, J+I . The plane wave RR superspace is defined then as coset superspace G/H .
A few remarks are in order.
(i) The (anti)commutation relations of the superalgebra are invariant under U(1) trans-
formation of supercharges: Q→ eiφQ, Q¯→ e−iφQ¯. This U(1) symmetry reflects the fact
that the plane wave RR background respects the original U(1) symmetry of IIB super-
gravity.
(ii) In contrast to flat and AdS5 × S5 cases, the above superalgebra does not include
rotation generator in the (x+, x−) plane, usually denoted by J+−, and the rotation gen-
erators in the (x+, xI) planes which are J−I . We note that for the bosonic string in a
plane wave NS-NS background, it is the absence of J−I generators that explains why the
critical dimension cannot be obtained from the usual operator formalism argument [24].
The interesting fact [4] is that the dimension of the bosonic subalgebra of the superalgebra
under consideration, which is equal to 30, coincides with the dimension of the isometry
algebra of the AdS5 × S5 space.
(iii) The dimensionful parameter of the plane wave geometry can be introduced by
rescaling the generators as P µ → P µ/m2, Qα → Qα/m. The limit as m → 0 then gives
the subalgebra of d = 10, IIB Poincare´ superalgebra.
2.1 Cartan 1-forms
To find the super-invariant and κ-invariant string action we use the formalism of Cartan
forms defined on the coset superspace.2 The left-invariant Cartan 1-forms
LA = dXMLAM , X
M = (xµ, θα, θ¯α) (2.14)
are given by
G−1dG = LµP µ + LαQ¯α + L¯
αQα +
1
2
LµνJµν , (2.15)
where we impose the conditions
L+µ = 0 , Lij
′
= 0 , (2.16)
which simply reflect the fact that the generators J−µ and J ij
′
are not included in super-
algebra. Lµ are the 10-beins, Lα, L¯α, (L¯α = (Lα)†) are the two spinor 16-beins, and Lµν
are the Cartan H connections.3 They satisfy the Maurer-Cartan equations implied by the
structure of the superalgebra,
dLµ = −LµνLν − 2iL¯γ¯µL , (2.17)
dLα = −1
4
Lµν(γµν)αβL
β +
i
2
Lµ(Πγ+γ¯µ)αβL
β , (2.18)
2For some applications of the formalism of the Cartan forms on coset superspaces see [25].
3Lα is a half of 32-component positive chirality spinor.
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dL¯α = −1
4
Lµν(γµν)αβL¯
β − i
2
Lµ(Πγ+γ¯µ)αβL¯
β . (2.19)
We note that we suppress the exterior products symbols for 1-forms and use the following
sign conventions under permutations of Cartan 1-forms:
LµLν = −LνLµ , LµLα = −LαLµ , LαLβ = LβLα . (2.20)
The dependence on the dimensionful parameter m can be restored by simultaneously
rescaling the Cartan 1-forms and coordinates as Lµ → m2Lµ, Lµν → Lµν , Lα → mLα,
xµ → m2xµ, θ → mθ.
For comparison, we note that in the flat superspace case,
G(x, θ) = exp(xµP µ + LαQ¯α + L¯
αQα) , (2.21)
[P µ, P ν ] = 0 , {Qα, Q¯β} = −2iγµαβP µ (2.22)
and thus the coset space (super)vielbeins in G−1dG = LATA are therefore given by
Lµ0 = dx
µ − iθ¯γ¯µdθ − iθγ¯µdθ¯ , L0 = dθ . (2.23)
3 Superstring action as sigma model on G/H coset
superspace
In this section, closely following the general method suggested in [8], we construct the
superstring action that satisfies the following conditions (some of which are not completely
independent):
a) its bosonic part is the standard σ-model with the plane wave geometry as a target
space;
b) it has global super-invariance with respect to supersymmetry algebra above
described;
c) it is invariant under the local κ-symmetry;
d) it reduces to the standard Green-Schwarz type IIB superstring action in the
flat-space (m→ 0) limit.
As in [8] we find that such an action exists and is unique. Its leading θ2 fermionic term
contains the required coupling to the RR 5-form field background.
It is useful to recall that the flat-space GS superstring Lagrangian [26] can be written
in the manifestly supersymmetric form in terms of (super)vielbeins (2.23) as a sum of the
‘kinetic’ term and the WZ term [27],
L0 = L0 kin + L0WZ , (3.1)
where the kinetic and WZ terms are given by4
L0kin = −1
2
√
ggabLµ0bL
µ
0a , L0WZ = d−1H0 , (3.2)
4We use Minkowski signature 2d world-sheet metric gab with g ≡ − det gab.
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and LA0a = ∂aX
MLA0M . The 3-form H0 being closed and exact allows manifestly super-
symmetric representation5
H0 = iLµ0L0γ¯µL0 + h.c. (3.3)
The coefficient of the WZ term is fixed by the condition of the local κ-invariance [26].
Using the explicit representation for (super)vielbeins (2.23) one observes that the 3-form
in the WZ term is indeed exact and thus finds the explicit 2d form of the WZ part of the
superstring Lagrangian [26]
LWZ = −iǫab(∂axµ − i
2
θ¯γ¯µ∂aθ − i
2
θγ¯µ∂aθ¯)θγ¯
µ∂bθ + h.c. , (3.4)
which is invariant under global supersymmetry only up to a total derivative. The action
that we find below is the generalization of (3.1) to the case where the free bosonic term
is replaced by the sigma model on the plane wave RR background.
We now turn to superstring in the plane wave RR background. As in the flat space,
the Lagrangian is given by the sum of σ-model term Lkin and the WZ term LWZ = d−1H.
To satisfy invariance with respect to the symmetry superalgebra, both Lkin and H should
be constructed in terms of the Cartan 1-forms Lµ and Lα. The basic observation is that
under the action of an arbitrary element of the group G these forms transform as tangent
vectors (spinors) of the stability group H . Therefore any invariant of stability group
constructed in terms of Lµ and Lα is automatically invariant under full transformations
of G.
The structure of Lkin is fixed by conditions (a) and (b) and can be obtained from L0kin
in (3.2) by replacing Lµ0 with the Cartan 1-forms of the plane wave RR background L
µ.
As to the WZ part, it turns out that the only relevant closed 3-form built out of Lµ, Lα
that is invariant under transformations of SO(4)⊗SO′(4) and the those generated by the
light-cone boost generators J+I is given by
H = Hq +Hq¯, Hq = (Hq¯)† , (3.5)
where
Hq = iLµLγ¯µL . (3.6)
The fact that this form is indeed closed can be demonstrated as follows. Using Maurer-
Cartan equations (2.17)-(2.19), we find terms in dHq that are proportional to the (su-
per)vielbeins Lµ, Lα, and the Cartan H connections Lµν . Taking the relation
γ¯µγνρ = γ¯µνρ + ηµν γ¯ρ − ηµργ¯ν (3.7)
into account and using that (γ¯µνρ)αβ are antisymmetric in α, β we find that the terms
proportional to Lµν cancel out. The remaining part of dHq is then given by
dHq = LµLνLα(γ¯µΠγ+γ¯ν)αβLβ . (3.8)
Using that
5For fermionic coordinates we assume the convention (θ1θ2)
† = θ¯2θ¯1, θ1θ2 = −θ2θ1, while for fermionic
Cartan 1-forms we adopt (L1 ∧ L2)† = −L¯2 ∧ L¯1, L1 ∧ L2 = L2 ∧ L1.
(γ¯iΠ)αβ, (Πγ
+γ¯ij)αβ , (Πγ
+γ¯i
′j′)αβ are antisymmetric in (α, β) (3.9)
together with the symmetry properties of the products of Cartan 1-forms given in (2.20),
we find that dHq = 0. Because all Cartan 1-forms of plane wave RR background reduce
to flat Cartan 1-forms in the flat-space limit the 3-form H (3.5),(3.6) also reduces to the
3-form in the GS action (3.3). As in flat space, the value of the overall coefficient in
front H is fixed to be 1 by the requirement of κ-symmetry of the whole action (which is
proved below). The final expression for the Lagrangian written in the manifestly invariant
form in terms of the (super)vielbeins Lµ and Lα thus has the same structure as the GS
Lagrangian (3.2),
L = Lkin + LWZ , (3.10)
Lkin = −1
2
√
ggabLµbL
µ
a , LWZ = d−1H (3.11)
and, indeed, reduces to (3.2) in the flat-space limit. Because the 3-form H is closed it can
be represented as H = dB in a local coordinate system; the action then takes the usual
2d sigma-model form, which is considered in what follows.
3.1 The κ-symmetry invariance
The action (3.10) is invariant with respect to the local κ-transformations [26],[28]. These
can be conveniently written in terms of the Cartan 1-form and the variations defined by
δ̂xµ ≡ δXMLµM , δ̂xµν ≡ δXMLµνM , δ̂θα ≡ δXMLαM . (3.12)
To formulate the κ-transformations we introduce a complex 16-component spinor (κa)α
(the corresponding 32-component spinor has negative chirality) that is a 2d vector on the
world-sheet. The κ-transformation then takes the form
δ̂xµ = 0 , δ̂θ = 2Lµaγ
µκa , (3.13)
δ(
√
ggab) = −8i√g(Laκ¯b + Lbκ¯a − 1
2
gabLcκ¯
c) + h.c. , (3.14)
where κ¯ = κ†. The κ-transformation parameter satisfies the (anti) self duality constraints
which in complex notation that we use take the form6
ǫab√
g
κb = −κ¯a , ǫ
ab
√
g
κ¯b = −κa . (3.15)
To demonstrate the κ-invariance we use the following expressions for the variations of
the Cartan 1-forms:
6The selfduality constraints (3.15) are counterpart of standard constraints formulated in terms of two
Majorana Weyl spinors κ1, κ2: ǫabκ1b = −
√
gκa1, ǫabκ2b =
√
gκa2.
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δLµ = dδ̂xµ + Lν δ̂xνµ + Lµν δ̂xν + 2iL¯γ¯µδ̂θ − 2iδ̂θ¯γ¯µL , (3.16)
δL = dδ̂θ − i
2
LµΠγ+γ¯µδ̂θ +
1
4
Lµνγµν δ̂θ
+
i
2
δ̂xµΠγ+γ¯µL− 1
4
δ̂xµνγµνL . (3.17)
The crucial relation that allows us to check the κ-invariance of the superstring action
directly in terms of the Cartan 1-forms is
δHq = dΛq , Λq = iδ̂xµLγ¯µL+ 2iLµLγ¯µδ̂θ . (3.18)
4 Explicit 2-dimensional form of the action
To find the explicit form of the WZ part of the superstring Lagrangian in terms of the
coordinate 2d field θ which generalizes (3.4) we choose a particular parametrization of the
coset representative G in (2.15):
G(x, θ) = g(x)g(θ) , g(θ) = exp(θαQ¯α + θ¯
αQα) . (4.1)
Here, g(x) is a coset representative of Gbos/H , i.e., x = x
µ provides a certain parametriza-
tion of the plane wave geometry (which we do not need to specify in this section). We
note that choosing the coset representative in form (4.1) corresponds to the Wess-Zumino
type gauge in the plane wave/RR superspace, while another, G(x, θ) = g(θ)g(x), corre-
sponds to the Killing gauge. These “gauges” (better to be called “parametrizations”) do
not reduce the number of the fermionic degrees of freedom but only specialize a choice of
fermionic coordinates. The covariant action given in this Section corresponds to the WZ
parametrization.
To represent the WZ term in (3.11) as an density over the 2-dimensional space we use
the standard trick of rescaling θ → θt ≡ tθ,
LWZ = LWZ(t = 1) , LWZ(t) = d−1(Hqt + h.c.) , Hqt = Hq(θt) . (4.2)
We then have the obvious relation
Hqt=1 = Hqt=0 +
∫ 1
0
dt ∂tHqt . (4.3)
Inserting Gt ≡ G(x, tθ) given by (4.1) in definition of Cartan 1-forms and setting LAt =
LA(x, tθ) we obtain the equations for the ‘shifted’ Cartan one-forms LAt
∂tLt = dθ +
1
4
Lµνt γ
µνθ − i
2
LµtΠγ
+γ¯µθ , (4.4)
∂tL
µ
t = −2iθγ¯µL¯t − 2iθ¯γ¯µLt , (4.5)
∂tL
−i
t = 2θγ¯
iΠL¯t − 2θ¯γ¯iΠLt , (4.6)
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∂tL
−i′
t = 2θγ¯
i′Π′L¯t − 2θ¯γ¯i′Π′Lt , (4.7)
∂tL
ij
t = −2θγ¯+γijΠL¯t + 2θ¯γ¯+γijΠLt , (4.8)
∂tL
i′j′
t = −2θγ¯+γi′j′Π′L¯t + 2θ¯γ¯+γi′j′Π′Lt . (4.9)
These equations should be supplemented by the initial conditions
Lµt=0 = e
µ , Lµνt=0 = ω
µν , Lt=0 = 0 , (4.10)
ω+µ = 0, ωij
′
=0. Here eµ are the 10-beins of the plane wave geometry and ωµν is the
corresponding Lorentz connection. Using these differential equations we prove that
∂tHqt = −2id(Lµt θγ¯µLt) . (4.11)
Taking into account that Hqt=0 = 0, we obtain the desired representation for LWZ ,
LWZ = −2i
∫ 1
0
dt Lµt θγ¯
µLt + h.c. (4.12)
To summarize the complete superstring Lagrangian is given by the sum of the kinetic
part (3.11) and the 2d form of the WZ part (4.12),
L = −1
2
√
ggabLµbL
µ
a − 2i
∫ 1
0
dt ǫabLµat (θγ¯
µLbt + θ¯γ¯
µL¯bt) . (4.13)
In the next section we use this representation to derive the light-cone gauge superstring
action.
As a side remark we note that the equations for the Cartan 1-forms can be solved in
a rather straightforward way. For this, we collect the fermionic Cartan 1-forms and θ′s in
two vectors7
L =
 L
L¯
 , Θ =
 θ
θ¯
 . (4.14)
The solution to equations (4.4)-(4.9) and initial conditions (4.10) then leads to the Cartan
1-forms L = Lt=1 given by
L =
sihnM
M DΘ , (4.15)
Lµ = eµ − 2iΘ¯ γ¯µ coshM− 1M2 DΘ , (4.16)
where the covariant derivative D is8
DΘ = (d+ 1
4
ωµνγµν − i
2
eµΠγ+γ¯µσ3)Θ . (4.17)
The square of the covariant differential D is equal to zero, D2 = 0, and the Killing spinor
equation Dǫ = 0 is therefore integrable. The block 32× 32 matrix M2 is given by9
7These L and Θ should not be confused with 32-component spinors.
8This is essentially the same derivative which appeared in the Killing spinor equations of IIB
supergravity(2.3).
9Action of the asterisk on the product of fermions in (4.18) is defined to be (F1F2)
∗ = F¯1F¯2.
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(M2)αβ =
 Aαβ Bαβ
−(Bαβ)∗ −(Aαβ)∗
 , (4.18)
where the 16× 16 matrices A and B are given by
Aαβ = −(Πγ+γ¯µθ)α(θ¯γ¯µ)β − (γ+iθ)α(θ¯γ¯iΠ)β − (γ+i′θ)α(θ¯γ¯i′Π′)β
+
1
2
(γijθ)α(θ¯γ¯+γijΠ)β +
1
2
(γi
′j′θ)α(θ¯γ¯+γi
′j′Π′)β , (4.19)
Bαβ = −(Πγ+γ¯µθ)α(θγ¯µ)β + (γ+iθ)α(θγ¯iΠ)β + (γ+i′θ)α(θ¯γ¯i′Π′)β
− 1
2
(γijθ)α(θγ¯+γijΠ)β − 1
2
(γi
′j′θ)α(θγ¯+γi
′j′Π′)β . (4.20)
5 Light-cone superstring action in plane wave R-R
background
In this Section we find the form of the type IIB superstring action in the plane wave
background with R-R 5-form flux in the light-cone gauge. Our discussion of the light-cone
gauge fixing closely repeats the same steps as in Refs.[11, 12], where the AdS5 × S5 case
was treated.
In flat space the superstring light-cone gauge fixing procedure consists of the two
stages:
(I) fermionic light-cone gauge choice, i.e., fixing the κ-symmetry by γ¯+θ = 0
(II) bosonic light-cone gauge choice, i.e., using the conformal gauge
√
ggab = ηab and
fixing the residual conformal diffeomorphism symmetry by x+(τ, σ) = p+τ .
Our fermionic κ-symmetry light-cone gauge is the same as in flat superstring γ¯+θ = 0.
One usually imposes the κ-symmetry light-cone gauge by starting with the explicit repre-
sentation for the superstring Lagrangian (4.13) in terms of θ′s. However it is convenient
to first impose the light-cone gauge at the level of the Cartan forms Lµ, Lα and then to
use them in (4.13). In what follows we adopt this strategy.10
5.1 Cartan 1-forms in Wess-Zumino parametrization in
fermionic light-cone gauge
We first consider fixing the fermionic κ-symmetry in the Cartan 1-forms written in the
WZ parametrization. The fermionic κ-symmetry light-cone gauge is defined as
γ¯+θ = γ¯+θ¯ = 0 . (5.1)
To simplify our expressions, we choose the parametrization of the plane wave space such
that the bosonic bodies of the Cartan H connections Lij , Li
′j′ (defined in (4.10)) are equal
to zero,
10This strategy was used in [29],[30] while deriving κ-symmetry fixed action for long superstring in
AdS5 × S5 and for κ-symmetry fixed light-cone AdS superstring in [11].
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ωij = 0 , ωi
′j′ = 0 . (5.2)
The κ-symmetry gauge fixed bosonic Cartan 1-forms Lµ are then found to be
L+ = e+ , LI = eI , (5.3)
L− = e− − i(θ¯γ¯−dθ + θγ¯−dθ¯)− 2e+θ¯γ¯−Πθ , (5.4)
while the fermionic 16-beins Lα take the form
L = dθ − ie+Πθ . (5.5)
These expressions for the Cartan 1-forms are valid for an arbitrary parametrization of
the bosonic 10-beins eµ satisfying relations (5.2). In what follows, we use the 10-beins11
e+ = dx+ , e− = dx− − 1
2
x2Idx
+ , eI = dxI . (5.6)
Expressions (5.3)-(5.5) can obviously be obtained from the general solution for the
Cartan 1-forms given in (4.15),(4.16). However the most convenient procedure is to derive
them from differential equations (4.4),(4.9) using the fermionic κ-symmetry light-cone
gauge (5.1). We now outline this procedure.
First of all, using (5.1) in (4.5) for µ = +, we find the equation ∂tL
+
t = 0, which
together with (4.10) gives
L+t = e
+ . (5.7)
Second, multiplying equations (4.4) by γ¯+ and taking (5.1) and (2.16) into account, we
find the equation ∂t(γ¯
+Lt) = 0, which together with (4.10) gives
γ¯+Lt = 0 . (5.8)
Now inserting the decomposition of unity 1 = (γ+γ¯− + γ−γ¯+)/2 between Lt and θ in the
r.h.s. of (4.5) and taking (5.1) and (5.8) into account we obtain the equation ∂tL
I
t = 0,
which together with (4.10) leads to
LIt = e
I . (5.9)
Third, using (5.1) in (4.8),(4.9) gives the equations ∂tL
ij
t = ∂tL
i′j′ = 0. Because of (5.2)
these equations imply
Lijt = 0 , L
i′j′
t = 0 . (5.10)
Using of these relations and gauge (5.1) in equations (4.4) gives
∂tLt = dθ − ie+Πθ . (5.11)
We thus find
11Note that such 10-beins can be obtained by using the following coset representative of bosonic body
in (4.1): g(x) = exp(x+P−) exp(x−P+ + xIP I).
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Lt = t(dθ − ie+Πθ) . (5.12)
Inserting this Lt in the equation for L
−
t , we obtain
∂tL
−
t = −2it(θ¯γ¯−dθ + θγ¯−dθ¯)− 4te+θ¯γ¯−Πθ . (5.13)
The solution of this equations for t = 1 gives the expression for L− in (5.4).
5.2 κ-symmetry gauge fixed superstring action
in WZ parametrization
Because we use coset parametrization (4.1) the κ-symmetry gauge fixed action given in
this Section corresponds to the WZ parametrization of superspace. The light-cone gauge
action in the Killing parametrization is discussed in Section 5.5.
Inserting the above expressions for Cartan 1-forms (5.3)-(5.5) into Lagrangian (4.13)
and using (5.6) we obtain the κ-symmetry gauge fixed superstring Lagrangian in terms
of the light-cone supercoset coordinates
L = Lkin + LWZ , (5.14)
where the kinetic and WZ parts are given by
Lkin = −1
2
√
ggab
(
2∂ax
+∂bx
− − x2I∂ax+∂bx+ + ∂axI∂bxI
)
− i√ggab∂bx+
(
θ¯γ¯−∂aθ + θγ¯
−∂aθ¯ + 2i∂ax
+θ¯γ¯−Πθ
)
, (5.15)
LWZ = iǫab∂ax+θγ¯−∂bθ + h.c. (5.16)
The kinetic terms in (5.15) can be obtained in a straightforward way. To find the WZ
part we make rescaling θ → tθ in (5.3)-(5.5) and then integrate over t in (4.13). Note
that in deriving representations for Lkin, LWZ in (5.15),(5.16) we made the redefinition
xµ → −xµ. This form of the Lagrangian is most convenient for deriving the Noether
charges (see Section 7).
The superstring Lagrangian given by equations (5.14)-(5.16) can obviously be rewrit-
ten as
L = LB + LF . (5.17)
Here, LB = −12
√
ggabGµν(x)∂ax
µ∂bx
ν given in the first line in (5.15) is the standard
bosonic sigma model with the plane wave geometry as the target space and LF given by
the second line in (5.15) and by (5.16) is the fermionic part of the Lagrangian
LF = −i√ggab∂bx+
(
θ¯γ¯−∂aθ + θγ¯
−∂aθ¯ + 2i∂ax
+θ¯γ¯−Πθ
)
+ iǫab∂ax
+(θγ¯−∂bθ + θ¯γ¯
−∂bθ¯) . (5.18)
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5.3 Bosonic light-cone gauge and “2d spinor” form of the action
As in the flat space case [26], the resulting action can then be put into the “2-d spinor”
form. Indeed, the 8+8 fermionic degrees of freedom can be organized into 8 Majorana 2d
spinors, defined in flat 2d geometry. This form of the action may be useful in establishing
the relation to the NSR formulation.
As in the flat case, we should eliminate the ∂x+-factors from the kinetic terms of
fermionic fields (5.18). In flat space this was possible by choosing the bosonic light-cone
gauge. In the BDHP formulation [31, 32] that we are using, this can be done by fixing
the conformal gauge as
√
ggab = ηab , −η00 = η11 = 1 (5.19)
and then noting that because the resulting equation (∂20 − ∂21)x+ = 0 has the general
solution x+(τ, σ) = f(τ − σ) + h(τ + σ) we can fix the residual conformal diffeomorphism
symmetry on the plane by choosing
x+(τ, σ) = τ , (5.20)
where we put p+ = 1. Using (5.19) and (5.20) in LB and LF (5.17),(5.18) we find the
bosonic and fermionic Lagrangians
LB = −1
2
∂ax
I∂axI − 1
2
x2I , (5.21)
LF = i(θ¯γ¯−∂0θ + θγ¯−∂0θ¯ + θγ¯−∂1θ + θ¯γ¯−∂1θ¯)− 2θ¯γ¯−Πθ . (5.22)
Similarly to the flat space case the fermionic Lagrangian LF can be rewritten as
LF = −iψ¯γ¯−̺a∂aψ + iψ¯γ¯−Πψ . (5.23)
Here ̺a are 2× 2 Dirac matrices
̺0 ≡ −iσ2 , ̺1 ≡ σ1 , (5.24)
ψ¯ ≡ ψT̺0, ψT denotes transposition of 2d spinor and ψ′s are related to the (2d scalar)
fermionic fields θ′s by12
ψ =
 ψ1
ψ2
 , ψ1 ≡ θ1 , ψ2 ≡ θ2 , (5.25)
where θ1 and θ2 are real spinors related to the original complex spinors θ and θ¯ by (A.17).
From this, it is clear that ψ′s are 8 Majorana 2d spinors.
If we restore a dependence on the dimensionful parameter m (2.1) then we obtain
L = −1
2
∂ax
I∂axI − m
2
2
x2I − iψ¯γ¯−̺a∂aψ + imψ¯γ¯−Πψ . (5.26)
Thus the total superstring Lagrangian describes 8 free massive 2d scalars and 8 free
massive Majorana 2d fermionic fields propagating in a flat two dimensional world-sheet.
This superstring model can obviously be quantized in a rather straightforward way.
12In our notation ψ¯̺a∂aψ = −ψ1(∂0 + ∂1)ψ1 − ψ2(∂0 − ∂1)ψ2.
14
5.4 Solution to superstring equations of motion
In contrast to the AdS5×S5 case the superstring in the plane wave Ramond-Ramond back-
ground has free equations of motion that can be easily solved. To analyze the equations
of motion we use Lagrangian formulated in terms of (xI , θ, θ¯) (see (5.17),(5.21)(5.22)):
L = −1
2
∂ax
I∂axI − 1
2
x2I
+ i(θ¯γ¯−∂0θ + θγ¯
−∂0θ¯ + θγ¯
−∂1θ + θ¯γ¯
−∂1θ¯)− 2θ¯γ¯−Πθ . (5.27)
The equations of motion and periodicity conditions for bosonic fields are given by
(−∂20 + ∂21)xI − xI = 0 , (5.28)
xI(σ + 1, τ) = xI(σ, τ) , 0 ≤ σ ≤ 1 . (5.29)
The solution to these equations can be written as
xI(σ, τ) = cos τ xI0 + sin τ p
I
0 + i
∑
n=/ 0
1
ωn
(
ϕ1n(σ, τ)α
1I
n + ϕ
2
n(σ, τ)α
2I
n
)
, (5.30)
where the xI0 and p
I
0 are zero modes, while α
1I
n and α
2I
n are string oscillators modes. The
base functions ϕ1,2n (σ, τ) for the right and left movers are given by
ϕ1n(σ, τ) = exp(−i(ωnτ − knσ)) , ϕ2n(σ, τ) = exp(−i(ωnτ + knσ)) , (5.31)
where the frequencies ωn are defined by
ωn =
√
k2n + 1, n > 0; ωn = −
√
k2n + 1, n < 0; (5.32)
kn = 2πn , n = ±1,±2 . . . (5.33)
Using the rules implied by standard canonical Hamiltonian approach (which is sys-
tematically developed in Section 6.1) we obtain the Poisson brackets
[pI0, x
J
0 ] = δ
IJ , [α1Im , α
1J
n ] =
i
2
ωmδm+n,0δ
IJ , [α2Im , α
2J
n ] =
i
2
ωmδm+n,0δ
IJ . (5.34)
We now turn to fermionic fields. Lagrangian (5.27) gives the equations of motion for
θ′s
∂0θ + ∂1θ¯ + iΠθ = 0 , ∂0θ¯ + ∂1θ − iΠθ¯ = 0 , (5.35)
that should be supplemented by the periodicity conditions θ(σ+1, τ) = θ(σ, τ). We prefer
to re-formulate these equations in terms of two real fermionic fields θ1 and θ2 (see (A.17))
(∂0 + ∂1)θ
1 − Πθ2 = 0 , (5.36)
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(∂0 − ∂1)θ2 +Πθ1 = 0 . (5.37)
Solutions to these equations are found to be
θ1(σ, τ) = cos τ θ10 + sin τΠθ
2
0 +
∑
n=/ 0
cn
(
ϕ1n(σ, τ)θ
1
n + i(ωn − kn)ϕ2n(σ, τ)Πθ2n
)
, (5.38)
θ2(σ, τ) = cos τ θ20 − sin τΠθ10 +
∑
n=/ 0
cn
(
ϕ2n(σ, τ)θ
2
n − i(ωn − kn)ϕ1n(σ, τ)Πθ1n
)
, (5.39)
where θ10 and θ
2
0 are fermionic zero modes, while θ
1
n and θ
2
n are fermionic string oscillators.
The coefficients cn are fixed to be
cn =
1√
1 + (ωn − kn)2
, n = ±1,±2, . . . (5.40)
With this normalization for the coefficients cn the canonical Hamiltonian approach (see
Section 6.1) gives the Poisson-Dirac anticommutation relations
{θ1αm , θ1βn } =
i
4
(γ+)αβδm+n,0 , {θ2αm , θ2βn } =
i
4
(γ+)αβδm+n,0 (5.41)
m,n = 0,±1,±2, . . . .
We can now quantize our 2d string fields xI and θ′s by promoting the various Fourier
components appearing in (5.30),(5.38),(5.39) to operators. Supplementing this by pro-
moting classical (anti)brackets (5.34)(5.41) to equal time (anti)commutators according
to the rules {. , .}clas → i{. , .}quant, [. , .]clas → i[. , .]quant we obtain the final form of the
quantum equal-time (anti)commutators. We note that if we restore dependence on the
dimensionful parameter m (see (2.1)), then in flat space limit (m → 0), the solutions
to the equations of motion reduces to the well known solutions of the flat superstring
equations of motion.
5.5 Superstring action in various coordinates and Killing
parametrization of superspace
In this section we discuss an alternative form of the superstring Lagrangian that may be
useful in various applications. This form of the Lagrangian is based on the parametrization
of plane wave space given by
ds2 = 2dx+dx− + cos2 x+dx2I . (5.42)
As is well known this line interval can be obtained from the one in (2.1) by replacing the
variables as
x− → x− + 1
4
x2I sin 2x
+ , xI → cosx+xI . (5.43)
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With simultaneous replacing of the fermionic field13
θ → e−ix+Πθ (5.44)
equations (5.15),(5.16) lead to the following superstring Lagrangian in fermionic light-cone
gauge
Lkin = −1
2
√
ggab
(
2∂ax
+∂bx
−+cos2 x+∂ax
I∂bx
I
)
− i√ggab∂bx+
(
θ¯γ¯−∂aθ+θγ¯
−∂aθ¯
)
(5.45)
LWZ = iǫab∂ax+θγ¯−e−2ix+Π∂bθ + h.c. (5.46)
The corresponding Lagrangian in the bosonic light-cone gauge can be obtained using
gauge (5.19) and fixing the residual conformal diffeomorphism symmetry as in (5.20).
The resulting Lagrangian is
L = −1
2
cos2 x+∂ax
I∂axI
+ i(θ¯γ¯−∂0θ + θγ¯
−∂0θ¯ + θγ¯
−e−2ix
+Π∂1θ + θ¯γ¯
−e2ix
+Π∂1θ¯) . (5.47)
Compared to (5.27) this superstring Lagrangian does not involve mass like terms for
superstring 2d fields. One can expect that this parametrization is most convenient for
establishing the connection with the NSR formulation. Solution to equations of motion
obtained from (5.47) can easily be obtained from (5.30),(5.38)(5.39) using transformations
(5.43),(5.44).
6 Light-cone Hamiltonian approach to superstring in
plane wave geometry
In this section, following GGRT approach [23], we develop phase space formulation of
superstring in the plane wave RR background. This formulation is most convenient for
deriving of Noether charges of basic symmetry superalgebra.
The superstring Lagrangian (5.14),(5.15)(5.16) can be represented as
L = L1 + L2 , (6.1)
where the two parts are
L1 = −hab∂ax+∂bx− + 1
2
hab∂ax
+∂bx
+B + ∂ax
+Aa + C , (6.2)
L2 = −1
2
hab∂ax
I∂bx
I (6.3)
and hab is defined by
13One can make sure that passing to the new θ′s (5.44) corresponds to usage of Killing parametrization
of superspace: G(x, θ) = g(θ)g(x).
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hab ≡ √ggab , h00h11 − (h01)2 = −1 . (6.4)
The functions Aa, B, and C take the form
Aa = −ihab(θ¯γ¯−∂bθ + θγ¯−∂bθ¯) + iǫa1(θγ¯−θ´ + θ¯γ¯−´¯θ) , (6.5)
B = x2I + 4θ¯γ¯
−Πθ , (6.6)
C = −ix´+(θγ¯−θ˙ + θ¯γ¯− ˙¯θ) , (6.7)
where dot and prime are derivatives over τ and σ (see Appendix A for definitions). Decom-
position (6.1) is made so that the functions Aa, B, C, depend on (i) the anticommuting
coordinates and their derivatives with respect to both world-sheet coordinates τ and σ
and (ii) the bosonic coordinates and their derivatives with respect to the world-sheet spa-
tial coordinate σ only. The reason for this decomposition is that we use the phase space
description with respect to the bosonic coordinates only, i.e. we not make the Legendre
transformation with respect to the fermionic coordinates.
6.1 Phase space Lagrangian
Computing the canonical momenta for the bosonic coordinates
Pµ = ∂L
∂x˙µ
, (6.8)
we obtain
P+ = −h00x˙+ − h01x´+ , (6.9)
PI = −h00x˙I − h01x´I , (6.10)
P− = −h00x˙− − h01x´− + A0 − BP+ . (6.11)
where we use the conventions P± ≡ P∓ and PI ≡ PI . Applying the standard procedure,
we then find the phase space Lagrangian L = L1 + L2,
L1 = P+x˙− + P−x˙+ + 1
2h00
(
2P+P− + 2x´+x´− + (P+2 − x´+2)B
)
+
h01
h00
(P+x´− + P−x´+)− 1
h00
(P+ + h01x´+)A0 + x´+A1 + C , (6.12)
L2 = PI x˙I + 1
2h00
(P2I + x´2I) +
h01
h00
PI x´I . (6.13)
We next impose the light-cone gauge
x+ = τ , P+ = p+ . (6.14)
Using these gauge conditions in the action and integrating over P− we arrive at
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h00 = −p+ . (6.15)
Inserting this in (6.12) and (6.13) we obtain the general form of the phase space light-cone
gauge Lagrangian
L1 = − 1
2p+
(p+2B)− h
01
p+
(p+x´−) + A0 , (6.16)
L2 = PI x˙I − 1
2p+
(P2I + x´2I)−
h01
p+
PI x´I . (6.17)
In deriving these expressions we used that the function C given in (6.7) is equal to
zero in the light-cone gauge (6.14). Now, in order to obtain the light-cone gauge phase
Lagrangian we need only to insert the appropriate functions A0 and B (6.5),(6.6). The
result is
L = PI x˙I + ip+(θ¯γ¯−θ˙ + θγ¯− ˙¯θ)− 1
2p+
(
P2I + x´2I + p+2(x2I + 4θ¯γ¯−Πθ)
)
+ i(θγ¯−θ´ + θ¯γ¯−´¯θ)
− h
01
p+
(
p+x´− + PI x´I + ip+(θ¯γ¯−θ´ + θγ¯−´¯θ)
)
. (6.18)
This Lagrangian gives the Hamiltonian
P− =
∫
dσ P− , (6.19)
where the Hamiltonian density P− is
P− = − 1
2p+
(
P2I + x´2I + p+2(x2I + 4θ¯γ¯−Πθ)
)
+ i(θγ¯−θ´ + θ¯γ¯−´¯θ) . (6.20)
It should be supplemented by the constraint
p+x´− + PI x´I + ip+(θ¯γ¯−θ´ + θγ¯−´¯θ) = 0 . (6.21)
As usual, this constraint allows one to express the non-zero modes of the bosonic coordi-
nate x− in terms of the transverse physical modes.
The equations of motion corresponding to the phase space superstring Lagrangian
(6.18) takes the form
x˙I =
1
p+
PI , (6.22)
P˙I = 1
p+
x´´ I − p+xI , (6.23)
θ˙ = − 1
p+
´¯θ − iΠθ , (6.24)
˙¯θ = − 1
p+
θ´ + iΠθ¯ . (6.25)
19
These equations can be written in the Hamiltonian form. Introducing the notation X for
the phase space variables (PI , xI , θ, θ¯) we have the Hamiltonian equations
X˙ = [X ,P−] , (6.26)
where the phase space variables satisfy the (classical) Poisson-Dirac brackets
[PI(σ), xJ(σ′)] = δIJδ(σ, σ′) , (6.27)
{θ¯α(σ), θβ(σ′)} = i
4p+
(γ+)αβδ(σ, σ′) , (6.28)
[x−0 , θ
α] =
1
2p+
θα, [x−0 , θ¯
α] =
1
2p+
θ¯α . (6.29)
Here x−0 is the zero mode of x
− and therefore [p+, x−0 ] = 1. All the remaining brackets
are equal to zero. To derive (6.28),(6.29) we must recall that the Lagrangian (6.18) has
the fermionic second class constraints
pα + ip
+γ−αβ θ¯
β = 0 , p¯α + ip
+γ−αβθ
β = 0 , (6.30)
where pα and p¯α are the canonical momenta of the respective fermionic coordinates θ
α
and θ¯α. Starting with the Poisson brackets
{pβ(σ), θα(σ′)}P.B. =
1
2
(γ+γ¯−)αβδ(σ, σ
′) , {p¯β(σ), θ¯α(σ′)}P.B. =
1
2
(γ+γ¯−)αβδ(σ, σ
′) ,
(6.31)
and [p+, x−0 ]P.B. = 1 we then obtain the Poisson-Dirac brackets given in (6.28),(6.29). The
projector (γ+γ¯−)/2 in (6.31) is to respect light-cone gauge imposed on θα and θ¯α (5.1).
7 Noether charges as generators of the basic super-
symmetry algebra
The Noether charges play an important role in analysis of the symmetries of dynamical
systems. The choice of the light-cone gauge spoils manifest global symmetries, and in
order to demonstrate that these global invariances are still present, one needs to find the
Noether charges that generate them.14 These charges play a crucial role in formulating
superstring field theory in the light-cone gauge (see [33, 34]).
In the light-cone formalism, the generators (charges) of the basic superalgebra can be
split into two groups:
P+, P I , J+I , J ij , J i
′j′, Q+, Q¯+, (7.1)
which we refer to as kinematical generators, and
P−, Q−, Q¯−, (7.2)
14In what follows “currents” and “charges” will mean both bosonic and fermionic ones, i.e. will include
supercurrents and supercharges.
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which we refer to as dynamical generators. The Q+ and Q− are expressible in terms of
the original supercharges Q as
Q+ ≡ 1
2
γ¯−γ+Q , Q− ≡ 1
2
γ¯+γ−Q . (7.3)
For x+ = 0, the kinematical generators in the superfield realization are quadratic in the
physical string fields, while the dynamical generators receive higher-order interaction-
dependent corrections. The first step in the construction of superstring field theory is to
find a free (quadratic) superfield representation of the generators of the basic superalgebra.
The charges that we obtain below can be used to obtain (after quantization) these free
superstring field charges.
7.1 Currents for κ-symmetry light-cone gauge fixed superstring
action
As usual, symmetry generating charges can be obtained from conserved currents. Because
the currents themselves may be helpful in some applications, we first derive them starting
with the κ-symmetry gauge fixed Lagrangian in the form given in (5.15),(5.16). To obtain
the currents, we use the standard Noether method (see, e.g., [35]) based on the localization
of the parameters of the associated global transformations. We let ǫ be a parameter of
some global transformation that leaves the action invariant. Replacing it by a function of
world-sheet coordinates τ, σ, the variation of the action takes the form
δS =
∫
d2σ Ga∂aǫ , (7.4)
where Ga is the corresponding current. Using this formula in what follows, we find those
currents that are related to symmetries that do not involve compensating κ-symmetry
transformations. The remaining currents are found in the next subsection starting from
the action (6.18) where both the κ-symmetry and the bosonic light-cone gauges are fixed.
We start with the translation invariance. Transformations of the coordinate under P±
translations take the form
δx± = ǫ± , (7.5)
while under P I translations, we have the transformations
δx− = sin x+ǫIxI , δxI = cos x+ǫI . (7.6)
Applying (7.4) to the Lagrangian (5.15),(5.16) gives the translation currents
P+a = −√ggab∂bx+ , (7.7)
PIa = −√ggab cos x+∂bxI + sin x+xIP+a , (7.8)
P−a = −√ggab(∂bx− + iθ¯γ¯−∂bθ + iθγ¯−∂bθ¯)− x2IP+a − 4P+aθ¯γ¯−Πθ
+ (iǫabθγ¯−∂bθ + h.c.) . (7.9)
Invariance of the action (5.15),(5.16) with respect to rotations in the (x−, xI) plane
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δx− = cosx+ǫ−IxI , δxI = − sin x+ǫ−I (7.10)
gives the conserved currents
J +Ia = −√ggab sin x+∂bxI − cosx+xIP+a . (7.11)
Invariance with respect to the SO(4) and SO′(4) rotations
δxi = ǫijxj , δθ =
1
4
ǫijγijθ , δxi
′
= ǫi
′j′xj
′
, δθ =
1
4
ǫi
′j′γi
′j′θ , (7.12)
ǫij = −ǫji, ǫi′j′ = −ǫj′i′ , gives the conserved currents
J ija = −√ggab(xi∂bxj − xj∂bxi)− iθ¯γ¯−γijθP+a −
( iǫab
2
√
g
P+b θγ¯−γijθ + h.c.
)
, (7.13)
J i′j′a = −√ggab(xi′∂bxj′ − xj′∂bxi′)− iθ¯γ¯−γi′j′θP+a −
( iǫab
2
√
g
P+b θγ¯−γi
′j′θ + h.c.
)
, (7.14)
where P+a ≡ gabP+b.
Invariance with respect to the super transformations
δθ = e−ix
+Πǫ , δθ¯ = eix
+Πǫ¯ , δx− = −iǫγ¯−e−ix+Πθ¯ − iǫ¯γ¯−eix+Πθ , (7.15)
leads to the conserved supercurrents
Q+a = 2γ¯−eix+Π(P+aθ + ǫ
ab
√
g
P+b θ¯) , (7.16)
Q¯+a = 2γ¯−e−ix+Π(P+aθ¯ + ǫ
ab
√
g
P+b θ) . (7.17)
7.2 Charges for bosonic and κ-symmetry light-cone gauge fixed
superstring action
In the previous section, we have found (super)currents starting with the κ-symmetry light-
cone gauge fixed action given in (5.15),(5.16). These currents can be used to find currents
for the action where both the fermionic κ-symmetry and the bosonic reparametrization
symmetry are fixed by light-cone gauges (6.18). To find the components of the currents
in the world-sheet time direction G0 we should use relations for the canonical momenta
(6.9)–(6.11) and then to insert the light-cone gauge conditions (6.14) and (6.15) in the
expressions for the currents given in the previous subsection. The charges are then given
by
G =
∫
dσ G0 . (7.18)
We start with the kinematical generators (charges) (7.1). The results for the currents
imply the following representations for some of them
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P+ = p+ , P I =
∫
cosx+PI + sin x+xIp+ , (7.19)
J+I =
∫
sin x+PI − cosx+xIp+ , (7.20)
Q+ =
∫
2p+γ¯−eix
+Πθ , Q¯+ =
∫
2p+γ¯−e−ix
+Πθ¯ . (7.21)
We note that these charges depend only on the zero modes of string coordinates. In
(7.19)–(7.21) the integrands are G0 parts of the corresponding currents in world-sheet
time direction: PI0, J +I0, Q+0, Q¯+0, and P+0 = p+.
The remaining kinematical charges depend on non-zero string modes and are given by
J ij =
∫
xiPj − xjP i − ip+θ¯γ¯−γijθ , (7.22)
J i
′j′ =
∫
xi
′Pj′ − xj′P i′ − ip+θ¯γ¯−γi′j′θ . (7.23)
The dynamical charge P− is given by (6.19), while the supercharges Q− and Q¯− are
given by
Q− =
∫
2PI γ¯Iθ − 2x´I γ¯I θ¯ + 2ip+xI γ¯IΠθ , (7.24)
Q¯− =
∫
2PI γ¯I θ¯ − 2x´I γ¯Iθ − 2ip+xI γ¯IΠθ¯ . (7.25)
The derivation of these supercharges can be found in Appendix B.
8 Conclusions
We have developed the κ-symmetric and light-cone gauge formulations of type IIB super-
string in the plane wave Ramond-Ramond background. We restricted our consideration to
the study of classical superstring dynamics. Because in light-cone gauge the superstring
action is quadratic in 2d fields, this superstring model can be explicitly quantized in a
rather straightforward way. We have presented various forms of the light-cone gauge su-
perstring Lagrangian. In coordinates (2.1) the light-cone gauge Lagrangian given by (5.26)
(or (5.27)) describes 8 massive bosonic 2d scalars and 8 massive Majorana 2d fermions
propagating in flat 2d world-sheet. In coordinates (5.42) the light-cone gauge Lagrangian
given by (5.47) describes 8 massless bosonic and 8+8 fermionic 2d superstring fields.
The fact that the light-cone gauge action is quadratic in physical fields implies that the
corresponding plane wave background with RR 5-flux should be an exact string solution.
As noted above, the relatively simple model of superstring in the plane wave RR
background may serve as a training ground for the study of the more interesting case of
superstring in AdS5 × S5. Because the plane wave superstring action is invariant under
the global transformations of the basic symmetry superalgebra of the plane wave RR
background, the string spectrum should be classified by unitary representations of this
superalgebra. These unitary representations appear as Fourier modes of solutions to free
equations of motion for quantized fields propagating in the plane wave RR background.
The fields in the plane wave background have the following two features in common with
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the fields in the AdS space time: (i) The spectrum of the energy operator is discrete; (ii)
The spectrum of the energy operator even for massless representations is bounded from
below by a nonzero value [36]. From this line of reasoning we believe that the study of the
plane wave RR superstring will be useful for better understanding strings in AdS/RR-
charge backgrounds. We note that in this paper we have developed GS formulation of
plane wave/RR superstring. NSR formulation of this superstring is still to be understood.
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Appendix A Notation
In the main part of the paper, we use the following conventions for the indices:
µ, ν, ρ = 0, 1, . . . , 9 so(9, 1) vector indices (tangent space indices)
I, J,K, L = 1, . . . , 8 so(8) vector indices (tangent space indices)
i, j, k, l = 1, . . . , 4 so(4) vector indices (tangent space indices)
i′, j′, k′, l′ = 5, . . . , 8 so′(4) vector indices (tangent space indices)
α, β, γ = 1, . . . , 16 so(9, 1) spinor indices in chiral representation
a, b = 0, 1 2d world-sheet coordinate indices
We suppress the flat space metric tensor ηµν = (−,+, . . . ,+) in scalar products, i.e.
XµY µ ≡ ηµνXµY ν (A.1)
We decompose xµ into the light-cone and transverse coordinates: xµ = (x+, x−, xI),
xI = (xi, xi
′
), where
x± ≡ 1√
2
(x9 ± x0) . (A.2)
In this notation, scalar products of tangent space vectors are decomposed as
XµY µ = X+Y − +X−Y + +XIY I , XIY I = X iY i +X i
′
Y i
′
. (A.3)
Unless stated otherwise, we always assume the summation over repeated indices (irre-
spective of their position).
The derivatives with respect to the world-sheet coordinates (τ, σ) are
x˙I ≡ ∂τxI , x´I ≡ ∂σxI . (A.4)
The world-sheet Levi-Civita symbol ǫab is defined with ǫ01 = 1.
We use the chiral representation for the 32 × 32 Dirac matrices Γµ in terms of the
16× 16 gamma matrices γµ
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Γµ =
(
0 γµ
γ¯µ 0
)
, (A.5)
γµγ¯ν + γν γ¯µ = 2ηµν , γµ = (γµ)αβ , γ¯µ = γµαβ , (A.6)
γµ = (1, γI , γ9) , γ¯µ = (−1, γI , γ9) , α, β = 1, . . . 16 . (A.7)
We adopt the Majorana representation for Γ-matrices, C = Γ0, which implies that all γµ
matrices are real and symmetric, γµαβ = γ
µ
βα, (γ
µ
αβ)
∗ = γµαβ.
We use the convention that γµ1...µk are the antisymmetrized product of k gamma
matrices normalized so that
(γµν)αβ ≡ 1
2
(γµγ¯ν)αβ − (µ↔ ν) , (γ¯µν)αβ ≡ 1
2
(γ¯µγν)α
β − (µ↔ ν) . (A.8)
(γµνρ)αβ ≡ 1
6
(γµγ¯νγρ)αβ ± 5 terms , (γ¯µνρ)αβ ≡ 1
6
(γ¯µγν γ¯ρ)αβ ± 5 terms . (A.9)
We assume the normalization γ0γ¯1 . . . γ8γ¯9 = 1, i.e.
Γ11 ≡ Γ0 . . .Γ9 =
(
1 0
0 −1
)
. (A.10)
We use the following notation Π = Παβ, Π
′ = (Π′)αβ where
Παβ ≡ (γ1γ¯2γ3γ¯4)αβ , (Π′)αβ ≡ (γ5γ¯6γ7γ¯8)αβ . (A.11)
Because of the relation γ0γ¯9 = γ+− the normalization condition (A.10) takes the form
γ+−ΠΠ′ = 1 . (A.12)
We have the relations
(γ+−)2 = Π2 = (Π′)2 = 1 , (A.13)
γ+−γ± = ±γ± , γ¯±γ+− = ∓γ¯± , γ+γ¯+ = γ−γ¯− = 0 , (A.14)
γ¯+(Π + Π′) = (Π + Π′)γ− = 0 , γ¯−(Π−Π′) = (Π− Π′)γ+ = 0 . (A.15)
The 32-component positive chirality θ and negative chirality Q spinors are decomposed
in terms of the 16-component spinors as
θ =
(
θα
0
)
, Q =
(
0
Qα
)
. (A.16)
Instead of one complexWeyl spinor θ, we sometimes prefer to use two real Majorana-Weyl
spinors θ1 and θ2 defined by
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θ =
1√
2
(θ1 + iθ2) , θ¯ =
1√
2
(θ1 − iθ2) . (A.17)
We use the shorthand notation like θ¯γ¯µθ and γ¯µθ which should read as θ¯αγµαβθ
β and γµαβθ
β
respectively.
Appendix B Derivation of supercharges
Here we demonstrate how the knowledge of the kinematical charges and commutation
relations of the superalgebra allows one to obtain the dynamical supercharges Q− sys-
tematically. Before proceeding we write down the (anti)commutation relation of the basic
algebra (2.10)-(2.13) in terms of the Q+ and Q− supercharges defined in (7.3). Using
(7.3) in (2.10)-(2.13) we have
[J ij, Q±α ] =
1
2
Q±β (γ
ij)βα , [J
i′j′, Q±α ] =
1
2
Q±β (γ
i′j′)βα (B.1)
[J+I , Q−α ] =
1
2
Q+β (γ
+I)βα (B.2)
[P I , Q−α ] =
i
2
Q+β (Πγ
+I)βα , [P
−, Q+α ] = iQ
+
βΠ
β
α , (B.3)
{Q+α , Q¯+β } = −2iγ−αβP+ , (B.4)
{Q+α , Q¯−β } = −i(γ¯−γ+γ¯I)αβP I − (γ¯−γ+γ¯iΠ)αβJ+i − (γ¯−γ+γ¯i
′
Π′)αβJ
+i′ , (B.5)
{Q−α , Q¯−β } = −2iγ+αβP− + (γ¯+γijΠ)αβJ ij + (γ¯+γi
′j′Π′)αβJ
i′j′ . (B.6)
We now let Q−a be the conserved supercurrent whose component in the world-sheet
time direction gives the supercharge Q− =
∫ Q−0. We start with the anzats
Q−0 = PIAI1θ + xIAI2θ + x´BI θ¯ , (B.7)
where the coefficients AI1, A
I
2, and B
I are assumed to be independent of the dynamical
variables xI , PI , θ, θ¯. Using the commutator (B.2), first commutator in (B.3), and
Poissoin-Dirac brackets (6.27),(6.28) we obtain the following equations
p+AI1 cosx
+ + AI2 sin x
+ = 2p+γ¯Ieix
+Π , (B.8)
−p+AI1 sin x+ + AI2 cosx+ = 2ip+γ¯IΠeix
+Π . (B.9)
The solution to these equations is found to be
AI1 = 2γ¯
I , AI2 = 2ip
+γ¯IΠ . (B.10)
Thus we have
Q−0 = 2PI γ¯Iθ + 2ip+xI γ¯IΠθ + x´BI θ¯ . (B.11)
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The conservation law for the supercurrent Q−a
∂0Q−0 + ∂1Q−1 = 0 (B.12)
gives BI = −2γ¯I and fixes the Q−0 and Q−1 to be
Q−0 = 2PI γ¯Iθ − 2x´I γ¯I θ¯ + 2ip+xI γ¯IΠθ , (B.13)
Q−1 = 2
p+
PI γ¯I θ¯ − 2
p+
x´I γ¯Iθ + 2ixI γ¯IΠθ¯ . (B.14)
The expression for Q−0 leads to the supercharges Q− given by (7.24). Finally, we check
that the supercharges satisfy all the remaining (anti)commutation relation of the basic
superalgebra. The corresponding (anti)commutation relations can be obtained from the
(B.1)-(B.6) by changing signs in anticommutators {. .} → −{. .} there.
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